Abstract. The aim of this paper is to get the boundedness of the commutators of multi-sublinear operators generated by local campanato functions and multilinear Calderón-Zygmund operators on the product generalized local Morrey spaces.
Introduction and main results
Because of the need for study of the local behavior of solutions of second order elliptic partial differential equations (PDEs) and together with the now well-studied Sobolev Spaces, constitude a formidable three parameter family of spaces useful for proving regularity results for solutions to various PDEs, especially for non-linear elliptic systems, in 1938, Morrey [17] introduced the classical Morrey spaces L p,λ which naturally are generalizations of the classical Lebesgue spaces.
We will say that a function f ∈ L p,λ = L p,λ (R n ) if Here, 1 < p < ∞ and 0 < λ < n and the quantity of (1.1) is the (p, λ)-Morrey norm, denoted by f L p,λ . We also refer to [1] for the latest research on the theory of Morrey spaces associated with Harmonic Analysis. In recent years, more and more researches focus on function spaces based on Morrey spaces to fill in some gaps in the theory of Morrey type spaces (see, for example, [9, 10, 11, 12, 13, 18] ). Moreover, these spaces are useful in harmonic analysis and PDEs. But, this topic exceeds the scope of this paper. Thus, we omit the details here. First of all, we recall some explanations and notations used in the paper.
Recall that the concept of the generalized local (central) Morrey space LM {x0} p,ϕ has been introduced in [2] and studied in [9, 10] . For the properties and applications of generalized local (central) Morrey spaces LM {x0} p,ϕ , see also [2, 9, 10] .
On the other hand, in 1976, Coifman et al. [4] introduced the commutator T b generated by the Calderón-Zygmund operator T and a locally integrable function b as follows: (1.2)
with the kernel K satisfying the following size condition:
and some smoothness assumption. A celebrated result is that T is bounded operator on L p space, where 1 < p < ∞. Sometimes, the commutator defined by (1.2) is also called the commutator in Coifman et al.'s sense, which has its root in the complex analysis and harmonic analysis (see [4] ). The main result from [4] states that, if and only if b ∈ BM O (bounded mean oscillation space), T b is a bounded operator on L p (R n ), 1 < p < ∞. It is worth noting that for a constant C, if T is linear we have,
This leads one to intuitively look to spaces for which we identify functions which differ by constants, and so it is no surprise that b ∈ BM O or LC {x0} q,λ (R n ) (local Campanato space) has had the most historical significance. Also, the definition and some proporties of local Campanato space LC {x0} q,λ (R n ) that we need in the proof of commutators are as follows.
where
Remark 1. If two functions which differ by a constant are regarded as a function in the space LC {x0} q,λ (R n ), then LC {x0} q,λ (R n ) becomes a Banach space. The space
3) is equivalent to the following condition:
Also, in [16] , Lu and Yang have introduced the central BMO space
can imagine that the behavior of LC {x0} q (R n ) may be quite different from that of BM O(R n ), since there is no analogy of the famous John-Nirenberg inequality of
where C > 0 is independent of b, r 1 and r 2 . From this inequality (1.4), we have
and it is easy to see that
Then, from Lemma 1, it is easy to see that
On the other hand, multilinear Calderón-Zygmund theory is a natural generalization of the linear case. The initial work on the class of multilinear Calderón-Zygmund operators has been done by Coifman and Meyer in [3] . Moreover, the study of multilinear singular integrals has motivated not only as the generalization of the theory of linear ones but also their natural appearance in analysis. It has received increasing attention and much development in recent years, such as the study of the bilinear Hilbert transform by Lacey and Thiele [14, 15] and the systematic treatment of multilinear Calderón-Zygmund operators by Grafakos-Torres [6, 7, 8] and Grafakos-Kalton [5] . Meanwhile, the commutators generated by the multilinear singular integral and BM O functions of Lipschitz functions also attract much attention, since the commutator is more singular than the singular integral operator itself.
Let R n be the n-dimensional Euclidean space of points x = (x 1 , ..., x n ) with Suppose that T (m) represents a multilinear or a multi-sublinear operator, which satisfies that for any m ∈ N and
is integrable on R n with compact support and
where c 0 is independent of − → f and x. We point out that the condition (1.8) in the case of m = 1 was first introduced by Soria and Weiss in [19] . The condition (1.8) is satisfied by many interesting operators in harmonic analysis, such as the m-linear Calderón-Zygmund operators, m-sublinear Carleson's maximal operator, m-sublinear Hardy-Littlewood maximal operator, C. Fefferman's singular multipliers, R. Fefferman's m-linear singular integrals, Ricci-Stein's m-linear oscillatory singular integrals, the m-linear BochnerRiesz means and so on (see [2, 9, 10, 19] for details).
We are going to be working on R n . Let's begin with the recalling of the multilin-
The m(multi)-linear Calderón-Zygmund operator T (m) is defined by
suppf i , where K is an m-Calderón-Zygmund kernel which is a locally integrable function defined away from the diagonal y 0 = y 1 = · · · = y m on (R n ) m+1 satisfying the following size estimate:
for some C > 0 and some smoothness estimates, see [5] - [6] for details. At the same time, Grafakos and Torres [6, 8] have proved that the multilinear Calderón-Zygmund operator is bounded on the product of Lebesgue spaces.
is a m-linear Calderón-Zygmund operator. Then, for any numbers 1 ≤ p 1 , . . . , p m < ∞ with
Recently, Xu [20] has established the boundedness on the product of Lebesgue space for the commutators generated by m-linear Calderón-Zygmund singular integrals and RBM O functions with nonhomogeneous. Inspired by [6] , [8] , [20] , we will introduce the commutators T 
We would like to point out that T b is the special case of T 
qm . In fact, in this paper the results of [2] and [9] (by taking Ω ≡ 1 there) will be generalized to the multilinear case; we omit the details here. We now make some conventions. Throughout this paper, we use the symbol A B to denote that there exists a positive consant C such that A ≤ CB. If A B and B A, we then write A ≈ B and say that A and B are equivalent. For a fixed p ∈ [1, ∞), p ′ denotes the dual or conjugate exponent of p, namely,
and we use the convention 1 ′ = ∞ and ∞ ′ = 1. Our main results can be formulated as follows.
where C does not depend on r.
Then the operator T
For the m-sublinear commutator of the m-sublinear maximal operator
from Theorem 3 we get the following new results. Corollary 2. Let 1 < p i , q i < ∞, for i = 1, . . . , m such that
. (m ∈ N) are bounded from product space M p1,ϕ1 × · · · × M pm,ϕm to M p,ϕ for p i > 1 (i = 1, . . . , m).
Proofs of the main results

Proof of Theorem 2.
Proof. In order to simplify the proof, we consider only the situation when m = 2. Actually, a similar procedure works for all m ∈ N. Thus, without loss of generality, it is suffice to show that the conclusion holds for T
We just consider the case p i , q i > 1 for i = 1, 2. For any x 0 ∈ R n , set B = B (x 0 , r) for the ball centered at x 0 and of radius r and 2B = B (x 0 , 2r). Thus, we have the following decomposition,
Thus, (2.1)
One observes that the estimate of G 2 is analogous to that of G 3 . Thus, we will only estimate G 1 , G 2 and G 4 .
Indeed, we also decompose 
, we decompose it into four parts as follows:
Firstly, 1 < p, q < ∞, such that
. Then, using Hölder's inequality and from the boundedness of Theorem 1 ) it follows that:
Secondly, for G 12 , let 1 < τ < ∞, such that
τ . Then similar to the estimates for G 11 , we have
where 1 < k < ∞, such that
. Hence, we get
Similarly, G 13 has the same estimate above, here we omit the details, thus following inequality
is valid. At last, we consider the term G 14 . Let 1 < τ 1 , τ 2 < ∞, such that
. It is easy to see that
Hölder's inequality and (1.7), we obtain
.
Combining all the estimates of G 11 , G 12 , G 13 , G 14 ; there is
, we also write
. Then, using Hölder's inequality we have
where in the second inequality we have used the following fact:
. By the condition (1.8) with m = 2 and Hölder's inequality, we have
, where
. Thus, the inequality
is valid. On the other hand, for the estimates used in G 22 , G 23 , we have to prove the below inequality: (2.2)
Moreover, using the conditions (1.9) and (1.8) with m = 2, we have
It's obvious that
and using Hölder's inequality and by (1.7)
Hence, by (2.3) and (2.4), it follows that:
This completes the proof of inequality (2.2). Thus, let 1 < τ < ∞, such that
Then, to estimate G 22 , similar to the estimates for G 11 , using Hölder's inequality and from (2.4), we get
Lp(B(x0,r))
, we write
For the term G 41 , let 1 < τ < ∞, such that
. Then, by Hölder's inequality we get
, where in the second inequality we have used the following fact:
Using the condition (1.8) with m = 2 and by Hölder's inequality, we get
is valid.
For the terms G 42 , G 43 , similar to the estimates used for (2.2), we have to prove the following inequality: (2.7) ,2 j+1 r) ) .
Finally, to estimate G 44 , similar to the estimate of (2.7), we have
Therefore, Theorem 2 is completely proved.
Proof of Theorem 3.
Proof. To prove Theorem 3, we will use the following relationship between essential supremum and essential infimum (2.10) essinf x∈E f (x)
where f is any real-valued nonnegative function and measurable on E (see [21] ,
